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ON CLASS A LORENTZIAN 2-TORI WITH POLES I: CLOSED
GEODESICS PASS THROUGH POLES
LU PENG, LIANG JIN AND XIAOJUN CUI
Abstract. In this paper, by studying certain isometries on globally hyper-
bolic planes, we prove that if p is a timelike pole on a class A Lorentzian
2-torus, then there exists a closed timelike geodesic passing through p with
any preassigned free homotopy class in the interior of the stable time cone.
We also show a non-rigid result when timelike poles appear.
1. Introduction and statement of the main results
In Riemannian geometry, a point p on a complete Riemannian manifold (M, gR)
is a pole if no geodesic γ : [0,∞)→ M with p = γ(0) contains a pair of conjugate
points, or equivalently, expp : TpM → M is a covering map. Thus the universal
cover of M is diffeomorphic to Rn, where n = dimM , see also [10]. Among such
manifolds, there are certain ones admit no metric with negative sectional curvature,
the most typical examples are tori. One may expect the presence of poles on
Riemannian tori is, in some sense, special and would have rigid effects on the
metric structure. From this point of view, many studies show that this is indeed
the case. Perhaps the most celebrated result is due to E. Hopf, which says that
any Riemannian n-torus with no conjugate points (i.e., all points are poles) is flat.
In the paper [13], Hopf himself proved the case when n = 2. As a landmark
success of global differential geometry and dynamical system, the proof for the
higher dimensional case was finally completed by D. Burago and S. Ivanov in [6].
On the way of the pursuit of Hopf’s theorem, much efforts have been paid on
the investigation of dynamical behaviors of geodesics when poles appear. In his
paper [14], N. Innami proved that for any pole on a Riemannian n-torus, there
exists a closed geodesic passing through it with any preassigned free homotopy
class. Recently in [2], V. Bangert showed the similarities between the dynamics of
the geodesic flow of a 2-torus with a pole and the integrable dynamics of a torus of
revolution. It is the motivation of this paper and our next publication “On class A
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Lorentzian 2-tori with poles II: Foliations of tori by timelike lines” to reveal similar
results of [14] and [2] under the setting of Lorentzian geometry.
It is plausible that the notion of pole has the following counterpart in Lorentzian
geometry,
Definition 1.1. Let (M, g) be a Lorentzian manifold, a point p on (M, g) is a
timelike pole if no timelike geodesic γ : [0, a)→M starting from p = γ(0) contains
a pair of conjugate points.
Remark 1.2. One could also define the notion of spacelike pole, but this is not the
focus of this paper.
Comparing with Riemannian cases, the dynamics of geodesics on Lorentzian
tori are more complicated. Indeed, we have to rebuild some properties that are
relatively apparent in the positive-definite cases. Also, because of these reasons,
we choose not to focus on all but some typical kind of two dimensional Lorentzian
tori, namely
Definition 1.3. A Lorentzian 2-torus (T2, g) is called class A if it is totally vicious
(i.e., every point lies on a timelike loop) and its Abelian cover (R2, g) is globally
hyperbolic.
Remark 1.4. Class A 2-tori as well as their higher dimensional generalizations, class
A spacetimes are proved to be suitable choices for developing global variational
methods in the setting of Lorentzian geometry, see [17–20] for more details.
Throughout the paper, we shall always denote pi : (R2, g)→ (T2, g) the Abelian
cover of a class A Lorentzian 2-torus T2. The deck transformations (∼= Z2) associ-
ated to pi act on R2 and are defined by
T : (k, x) ∈ Z2 × R2 7→ x+ k ∈ R2.
Tk := T |k×R2 is the translation by k ∈ Z
2 and is an isometry for every k ∈ Z2
with respect to g. Denote by Γ := {Tk : k ∈ Z
2} the group of deck transformations
associated to pi on R2. We call a timelike geodesic γ on (R2, g) periodic if Tkγ = γ for
some deck transformation Tk ∈ Γ, k 6= 0. Using the notions of rational asymptotic
direction and maximal geodesic in Section 2, we prove that
Theorem 1.5. Let (T2, g) be a class A Lorentzian 2-torus with a timelike pole p,
then there exists a maximal closed timelike geodesic passing through p with any pre-
assigned free homotopy class in the interior of the stable time cone. More precisely,
if (R2, g) is the Abelian cover of (T2, g) and p¯ ∈ (R2, g) is any lift of p, then for
any rational asymptotic direction α ∈ (m−,m+), there exists a maximal periodic
timelike geodesic passing through p¯ with asymptotic direction α.
Like Riemannian cases, the appearance of timelike poles does not imply the
metric rigidity, as the following theorem shows
Theorem 1.6. For any ε, 0 < ε < 1, there is a non-flat class A 2-torus (T2, g)
such that (1 − ε)Vol (T2, g) ≤ λ ≤ Vol (T2, g), where λ is the volume of the set of
all timelike poles on (T2, g) and Vol (T2, g) is the total volume of (T2, g).
Remark 1.7. In contrast with Riemannian tori, the Hopf’s theorem does not even
hold for Lorentzian 2-tori! The so-called Clifton-Pohl torus offers such an example.
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However, it is the only non-flat Lorentzian 2-torus without conjugate points as far
as we know and is not of class A.
On the other hand, in [3] and [19], the authors had shown that all Lorentzian
class A metrics on a 2-torus are contained in one connected component of the
space of Lorentzian metrics on the 2-torus and there exist metrics without conju-
gate points in each such component. But the non-flat metrics without conjugate
points constructed in [3] are not geodesically complete. Hence, to the best of our
knowledge, the existence of geodesically complete non-flat Lorentzian tori without
conjugate points is still unknown and we have reason to believe that the Hopf’s
theorem may be true in the category of class A Loretzian 2-tori, especially with the
geodesic completeness condition.
The paper is organized as follows. In Section 2, we equip ourself with enough
prerequisites on class A 2-tori for further discussions. In Section 3, we construct a
non-flat class A Lorentzian metric on T2 with timelike poles, then give a proof of
Theorem 1.6. Section 4 is devoted to a study of certain isometries called P -motions
on globally hyperbolic spacetimes. In Section 5, we further discuss P -motions on
the Abelian cover of class A 2-tori. Using Lorentzian Busemann functions, we prove
that two axes whose asymptotic directions in (m−,m+) of the same P -motion are
parallel. In Section 6, combining our results in Sections 4 and 5, we complete the
proof of Theorem 1.5.
2. Preliminaries
In this section, we introduce elements in Lorentzian geometry as well as previous
results on class A 2-tori that are necessary for our presentation. We recommend the
textbook [4] and papers [11, 15–20] for a comprehensive reference on these topics.
2.1. A brief introduction to global Lorentzian geometry.
2.1.1. Spacetimes and causal relations:
We shall refer standard notions in Lorentzian geometry to [4]. Let (M, g) be a
smooth connected Lorentzian manifold. A nonzero tangent vector v ∈ TM is called
timelike (resp. null, spacelike) or causal if g(v, v) < 0(resp. = 0, > 0) or ≤ 0. A
smooth curve is said to be timelike (resp. null, spacelike) or causal if its tangent
vectors are always timelike (resp. null, spacelike) or causal. (M, g) is time oriented
ifM admits a smooth timelike vector fieldX , any time oriented Lorentzian manifold
is called a spacetime. A causal vector v ∈ TpM is called future (resp. past) directed
if g(X(p), v) < 0(resp. > 0). A smooth curve γ of (M, g) is called future (resp. past)
directed if its tangent vectors are always future (resp. past) directed. Note that a
smooth causal curve in a spacetime (M, g) is either future directed or past directed,
see [4, p.54].
Throughout this paper, we always consider spacetimes, rather than general
Lorentzian manifolds, and future directed curves if there is no additional expla-
nation.
Let (M, g) be a spacetime and (H,h) be a Riemannian manifold, we recall that
the Lorentzian product of (M, g) and (H,h) is the manifold M ×H equipped with
the Lorentzian metric gˆ := pi∗g+ η∗h, where pi :M ×H →M and η :M ×H → H
denote the canonical projection maps. It is easy to see that (M × H, gˆ) is also a
spacetime by [4, Lemma 3.54].
For p, q ∈ M , we say p ≪ q if there is a piecewise smooth future directed
timelike curve from p to q, and p ≤ q if either p = q or there is a piecewise
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smooth future directed causal curve from p to q. The chronological future of p is
I+(p) := {q ∈M : p≪ q}, the causal future of p is J+(p) := {q ∈M : p ≤ q}. The
chronological and causal past are similarly defined by reversing the time orientation.
For a subset S ⊆M , I±(S) :=
⋃
p∈S I
±(p) and a curve γ, I±(γ) := I±(Im(γ)).
Note that both I+(p) and I−(p) are open sets for any point p ∈ M and the
relations ≪,≤ are transitive. Moreover, we have
p≪ q and q ≤ r implies p≪ r,
and
p ≤ q and q ≪ r implies p≪ r.
2.1.2. Lorentzian distance function and its derivatives:
Let γ : [a, b] → M be a continuous and piecewise smooth causal curve and
a = a0 < ... < an = b a partition of [a, b] such that γ|[ai,ai+1], i = 0, ..., n − 1 is
smooth, the Lorentzian arclength of γ associated to g is
Lg(γ) :=
n∑
i=1
∫ bi
ai
√
−g(γ˙, γ˙)(t)dt.
Now if q ∈ J+(p), the Lorentzian distance function d : M ×M → R associated to
g is defined by
d(p, q) := sup{Lg(γ) : γ ∈ C+(p, q)},
where C+(p, q) denotes the set of all future directed continuous and piecewise
smooth causal curves from p to q; if q /∈ J+(p), d(p, q) is defined to be zero.
From the above definition,
• d(p, q) > 0 if and only if q ∈ I+(p),
• d satisfies the reverse triangle inequality, i.e., if p ≤ q ≤ r, then
(2.1) d(p, r) ≥ d(p, q) + d(q, r).
We could also define distance between a point p ∈ M and a set S ⊆ M or two
sets S1, S2 ⊆M by
(2.2) d(p, S) := sup
q∈S
d(p, y), d(S1, S2) := sup
p∈S1,q∈S2
d(p, q).
If p≪ f, f ∈ S and d(p, f) = d(p, S) <∞, we call f a foot of p on S.
The regularity of Lorentzian distance function comes from reasonable conditions
on the causal structures of spacetimes. Perhaps the most important one is the global
hyperbolicity, which plays a similar role in Lorentzian geometry as the completeness
plays in Riemannian geometry. Instead of giving the definition, we just state two
of its consequences, they are implicitly used here and there in this paper.
Proposition 2.1 ( [4, Lemma 4.5, Theorem 6.1]). Let (M, g) be a globally hyperbolic
spacetime, then
(1) the Lorentzian distance function d is continuous and finite on M ×M ,
(2) for any p, q ∈ M with p ≤ q, there is a causal geodesic γ from p to q with
Lg(γ) = d(p, q). Such geodesics are called maximal geodesics, or simply
called maximizers.
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Let γ : (a, b) → M be a timelike (causal) curve, the point p is called a future
(resp. past) endpoint of γ if the limit lim
t→b−
γ(t) (resp. lim
t→a+
γ(t)) exists and equals
to p. A timelike (causal) curve is called future (resp. past) inextendible if it has
no future (resp. past) endpoint. We call a timelike (causal) curve γ : (a, b) → M
inextendible if it is both future and past inextendible.
With the notion of inextendibility, we have
Definition 2.2. A timelike (causal) geodesic γ : [a, b)→ M is a timelike (causal)
ray if it is future inextendible and maximal; a timelike (causal) geodesic γ : (a, b)→
M is a timelike (causal) line if it is inextendible and maximal. We call a timelike
(causal) geodesic future complete if its affine parameter could be extended to +∞.
Moreover, let (R2, g) be the Abelian cover of a class A 2-torus (T2, g), a timelike
(causal) geodesic on (T2, g) is called a timelike (causal) maximizer (ray, line) if any
of its lift is a timelike (causal) maximizer (ray, line).
On a non-compact spacetime, one could define functions which measure the
distance to a point at infinity, now known as Lorentzian Busemann functions. For
future use, we give the definition and its basic properties here.
Definition 2.3 ( [12]). Let (M, g) be a non-compact spacetime and γ : [0,+∞)→
M be a future complete timelike ray. The Lorentzian Busemann function bγ :M →
R ∪ {±∞} associated to γ is defined by
(2.3) bγ(p) = lim
s→∞
[s− d(p, γ(s))].
Proposition 2.4 ( [12]). Let (M, g) be a non-compact spacetime and γ : [0,+∞)→
M a future complete timelike ray, then
(1) the limit in equation (2.3) always exists by the reverse triangle inequality
(2.1);
(2) bγ(p) < +∞ if and only if p ∈ I
−(γ), if p ∈ I+(γ(0)) ∩ I−(γ), bγ(p) ≥
d(γ(0), p) > 0;
(3) for any p ≤ q in I−(γ), we have
(2.4) bγ(q)− bγ(p) ≥ d(p, q).
Level sets of bγ are called horospheres, they are especially useful when studying
geometrical behaviors of timelike rays or lines.
Definition 2.5. Let (M, g) be a non-compact spacetime and γ : [0,+∞) → M a
future complete timelike ray, for p ∈ I−(γ), set
K∞(p, γ) := {x ∈ I
−(γ) : bγ(x) = bγ(p)}
and call it the horoshpere through p with central timelike ray γ.
2.2. Previous results on class A 2-tori. Let (M2, g) be a connected, closed
orientable two dimensional spacetime and gR an auxiliary complete Riemannian
metric on M2. It’s well known that M2 is diffeomorphic to T2, we denote by ‖ · ‖
and dist‖·‖(·, ·) the stable norm associated to gR (see [5] for its definitions) and the
metric induced by ‖ · ‖ on H1(T
2,R).
Now we recall the definition of asymptotic directions: we think of H1(T
2,R) as
a vector space and set S1 := {h|h ∈ H1(T
2,R), ‖h‖ = 1)}. Denote by α the unique
half line emanating from the origin and containing the vector α ∈ S1 in H1(T
2,R).
6 LU PENG, LIANG JIN AND XIAOJUN CUI
Definition 2.6. Let γ : I → T2 be a future inextendible causal curve. We say γ or
its lift γ˜ to R2 has an asymptotic direction α if there exist constant D(γ, g, gR) > 0
and α ∈ S1 such that
dist‖·‖(γ˜(t)− γ˜(s), α) ≤ D(γ, g, gR)
for all [s, t] ⊆ I, where γ˜(t)− γ˜(s) ∈ H1(T
2,R). We call α rational if α∩H1(T
2,Z)R
is non-empty.
Since (T2, g) is a spacetime, the Lorentzian metric g naturally gives rise to two
future directed lightlike C∞ vector fields X± and we choose {X−(p), X+(p)} to be
positively oriented at each point p ∈ T2, see [19]. The integral curves of X+ (resp.
X−) are lightlike and, by elementary foliation theory on surfaces, they all have a
same asymptotic direction m+ (resp. m−). The first definition of class A 2-tori
was given by E. Schelling and recently proved to be equivalent to Definition 1.3:
Proposition 2.7 ( [17,19]). Let (T2, g) be a Lorentzian 2-torus, then it is of class
A if and only if m+ 6= m−.
Let (T2, g) be a class A 2-torus, we set T ⊆ H1(T
2,R) to be the convex hull of
m−∪m+ and call it the stable time cone of (T2, g). Given the usual orientation (i.e.,
the counter-clockwise orientation is positive) on H1(T
2,R) ∼= R2, we define an order
on S1∩T by: for any α, β ∈ S1∩T, α < β if and only if {α, β} is positively oriented.
Then (S1 ∩ T, <) is isomorphic to a closed interval which we denote by [m−,m+],
where m− < m+ are endpoints of S1 ∩ T. Define (m−,m+) := [m−,m+]\{m±}.
In sense of the following lemma, [m−,m+] is called the set of causal asymptotic
directions and we call (m−,m+) the set of timelike asymptotic directions.
Lemma 2.8 ( [17, 18]). Let (R2, g) be the Abelian cover of a class A Lorentzian
2-torus, then
(1) any asymptotic direction of a causal curve (if it has) falls in [m−,m+],
(2) for every α ∈ [m−,m+] there exist causal lines with asymptotic direction α
and every causal line has an asymptotic direction α ∈ [m−,m+].
Let γ be an inextendible causal curve on (R2, g), then R2\Im(γ) = U− ∪ U+,
where U± are two connected components of R2\Im(γ) that are diffeomorphic to
R
2. One of these components, say U+(U−) satisfies the following condition: for
every spacelike smooth curve ξ that initiates from p = γ(0) such that ξ(t), t > 0 is
contained in U+ (resp. U−), {γ˙(0), ξ˙(0)} is positively (resp. negatively) oriented.
By the above discussions which strongly rely on the topological structure of the
plane, we define a useful relation between an inextendible causal curve and a point
outside, see also [16, Definition 1.11].
Definition 2.9. We say a point p ∈ R2\Im(γ) satisfies p > γ(p < γ) if and only if
p ∈ U+(p ∈ U−).
Now we recall some elementary properties of timelike rays and lines on the
Abelian cover of a class A 2-torus, which were discussed in the paper [16] and
will be frequently used in this paper. We list them in
Lemma 2.10. Let (R2, g) be the Abelian cover of a class A Lorentzian 2-torus,
then
(1) Two inextendible causal lines in (R2, g) with different asymptotic directions
intersect each other exactly once.
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(2) Every timelike line (resp. ray) γ : I → (R2, g) with asymptotic direction
α ∈ (m−,m+) is complete (resp. future complete).
(3) Every timelike line γ : R→ (R2, g) with asymptotic direction α ∈ (m−,m+)
satisfies
I+(γ) =
⋃
k∈N
I+(γ(−k)) = R2,
I−(γ) =
⋃
k∈N
I−(γ(k)) = R2.
3. Proof of Theorem 1.6
This section is devoted to a proof of Theorem 1.6. First, we observe that for
every class A 2-torus (T2, g), (T2,−g) is also class A but with interchanged timelike
and spacelike vectors. It is immediately from the observation that the timelike poles
of (T2,−g) are the spacelike poles of (T2, g) and Theorem 1.6 remains true if we
replace the notion of timelike pole by that of spacelike pole.
To begin our construction, let (t, x) denote the usual linear coordinates on R2
and (t˙, x˙) the coordinates in each tangent space with respect to the natural frame
{∂/∂t, ∂/∂x}. Fix a smooth function f : R→ (0,∞), we define a Lorentzian metric
on the plane by
(3.1) gf = −f
2(x)dt2 + dx2.
By definition, (R2, gf ) is a spacetime oriented by ∂/∂t.
Consider the unit future observer bundle T−1R
2 associated to gf (see Section 6,
Definition 6.1 or [4, Section 9.1]), i.e., all future directed tangent vectors such that
f2(x)t˙2 − x˙2 = 1. This means that each fiber of T−1R
2 is a branch of a hyperbola,
so we could choose the parametrization t˙ = coshψ
f(x) > 0, x˙ = sinhψ of the fiber of
T−1R
2 at (t, x) in terms of the so called hyperbolic angle ψ ∈ R. Thus
T−1R
2 = {(t, x;
coshψ
f(x)
, sinhψ)|(t, x) ∈ R2, ψ ∈ R}.
Let −∞ ≤ a < b ≤ +∞ and γ : (a, b) → (R2, gf ); γ(τ) := (tγ(τ), xγ(τ)) be a
unit speed timelike inextendible geodesic on (R2, gf). Denote by γ˙ the derivative
of ζ with respect to τ . Since γ is future directed and unit speed, for any τ ∈ (a, b),
t˙γ(τ) > 0 and γ˙(τ) = (t˙γ(τ), x˙γ(τ)) ∈ T−1R
2, thus there is hyperbolic angle ψγ(τ)
such that γ˙(τ) = (
coshψγ(τ)
f(xγ(τ))
, sinhψγ(τ)) or
(3.2) coshψγ(τ) = f(xγ(τ))t˙γ(τ).
On the other hand, γ satisfies the geodesic equation
d2t
dτ2
+
2f ′(x)
f(x)
dx
dτ
dt
dτ
= 0,
since f > 0, it follows that f2(x) · dt
dτ
≡ const along γ. Combining with (3.2), we
obtain that for any τ ∈ (a, b),
(3.3) f(xγ(τ)) coshψγ(τ) ≡ const > 0.
We choose the positive orientation on R2 as before and state the following
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Lemma 3.1. Let f be a smooth function with positive lower and upper bound and
(R2, gf ) be defined as above. If p = (t0, x0) ∈ R
2 and x0 is a maximal point of f,
i.e., f(x0) = sup
x∈R
f(x), then p is a timelike pole on (R2, gf).
Proof. From (3.2) and (3.3), we know that for any unit speed timelike geodesic,
both dt
dτ
and dx
dτ
are bounded, thus (R2, gf) is timelike geodesically complete. All
we need to prove is that any two distinct timelike geodesics emanating from p will
not intersect each other at any point except p. Since translations and reflections
about t are gf -isometries, we only consider future parts of the geodesics emanating
from p.
It follows from x0 is a maximal point of f that the curve γ0(τ) := (t0 +
τ
f(x0)
, x0), τ ∈ R is a unit speed timelike geodesic through p. Let γ : [0,∞) →
(R2, gf ) be a timelike geodesic with γ(0) = p and ψγ(0) 6= 0, then ψγ(τ) 6= 0 for any
τ ≥ 0. Otherwise, f(x0) · coshψγ(0) = f(xγ(τ)) · coshψγ(τ) = f(xγ(τ)) ≤ f(x0),
so we have that ψγ(0) = 0, this is a contradiction. Moreover, timelike geodesic
completeness of (R2, gf) implies −∞ < ψγ(τ) < ∞ for a geodesic γ, thus tγ and
xγ are strictly monotone functions about τ ∈ R.
Suppose there exists another timelike geodesic ζ : [0,∞) → (R2, gf ) which em-
anates from p and intersects γ at a point other than p. Let γ(τ0) = ζ(τ1) be the
first intersection point along ζ. Without loss of generality, we may assume that
τ0, τ1 > 0, 0 < ψγ(0) < ψζ(0) < +∞. By (3.3) we have
f(xγ(τ0)) coshψγ(τ0) = f(x0) coshψγ(0),
f(xζ(τ1)) coshψζ(τ1) = f(x0) coshψζ(0).
Since xγ(τ0) = xζ(τ1), ψγ(0) < ψζ(0), we have that ψγ(τ0) < ψζ(τ1). On the other
hand, the geodesic γ intersects the geodesic ζ at γ(τ0) = ζ(τ1) transversely such
that {γ˙(τ0), ζ˙(τ1)} gives the negative orientation of R
2. Then ψγ(τ0) > ψζ(τ1), this
contradiction completes the proof. 
Now we could finish the proof of Theorem 1.6:
Proof of Theorem 1.6. For 0 < ε < 1, we construct a smooth function f : R →
[2−1, 2] such that
• f is 1-periodic w.r.t x, i.e., f(x+ 1) = f(x),
• [− ε4 ,
ε
4 ] ⊆ f
−1(2−1) and [ ε2 , 1−
ε
2 ] ⊆ f
−1(2).
Then, by Lemma 3.1, the associated metric gf satisfies
(1) Z2 acts on (R2, gf), i.e., for any (i, j) ∈ Z
2, T(i,j) : R
2 → R2; (t, x) 7→
(t+ i, x+ j) are gf -isometries;
(2) at each point of the plane, there are two smooth lightlike curves of gf and
have the form of {(t, x(t))|t ∈ R}; one of their slopes is larger than 12 , the
other is less than − 12 ;
(3) those points whose x-coordinate belongs to [ ε2 + j, 1 −
ε
2 + j], j ∈ Z are
timelike poles of (R2, gf ).
Let pi : R2 → T2 be the canonical cover. By (1) above, (T2, gf ) := (R
2, gf )/Z
2
is a non-flat Lorentzian 2-torus, where the non-flatness follows from that f is not
constant; by (2) and the fact that the class A condition for (T2, gf) is equivalent to
m+ 6= m− (see Proposition 2.7), (T2, gf ) is of class A; the last item implies that the
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volume of timelike poles is no less than (1 − ε)Vol(T2, gf). Thus (T
2, gf ) is what
we want. 
Remark 3.2. Let Tn−20 be the standard flat Riemannian torus, the Lorentzian prod-
uct of (T2, gf) and T
n−2
0 gives an n-dimensional Lorentzian torus (T
n, g) satisfying
all conditions except the dimension restriction. It is easy to see that the above
Lorentzian torus (Tn, g) is actually a class A spacetime in the sense of [18].
4. P -Motions on globally hyperbolic planes
In this section, we discuss certain special isometries on a globally hyperbolic plane
(M, g) (i.e., M is homeomorphic to R2) and some of their properties, our method
goes back to H. Busemann. In [7–9], H. Busemann used isometries to study the
distributions of conjugate points along geodesics in the so called G-spaces, which
are metric spaces sharing some axioms with Finsler manifolds. As we shall see, H.
Busemann’s methods can also be very effective in the study of globally hyperbolic
spacetimes.
We begin by giving some general definitions and properties. As is well known,
isometries or motions on a metric space are distance preserving maps of the space
onto itself. Similarly, we have
Definition 4.1. Let (M, g) be a globally hyperbolic spacetime, a motion on (M, g)
is a distance preserving map φ of M onto itself, i.e., for any p, q ∈ M,d(φp, φq) =
d(p, q). Furthermore, we call φ a P -motion if it is a motion and p ≪ φp for all
p ∈M .
Remark 4.2. Here and after, we note that
• contrary to the Riemannian case, distance preserving maps between space-
times are in general not diffeomorphisms, however, under the global hyper-
bolicity condition, they actually are, see [4, Theorem 4.17]. So motions on
globally hyperbolic spacetimes are Lorentzian isometries.
• for p ∈ M,S ⊆ M or a causal curve γ, we use φkp, φkS and φkγ, k ∈ Z to
denote the corresponding objects under φk, i.e., k times composite of φ.
For a motion φ and a point p ∈M , let I±(φ, p) :=
⋃
i∈Z I
±(φip). Since I±(p) are
open for any p ∈M and I±(φp) = φI±(p), thus I±(φ, p) are φ-invariant nonempty
open sets. In addition, if φ is a P -motion, then {φip}i∈Z ⊆ I
+(φ, p) ∩ I−(φ, p).
These notions lead to
Proposition 4.3. Let φ be a P -motion on a globally hyperbolic spacetime (M, g)
and p a point for which
(4.1) d(p, φp) = sup
q∈I+(φ,p)∩I−(φ,p)
d(q, φq),
then for any maximal timelike geodesic segment T = T (p, φp) from p to φp, the con-
catenated timelike curve γ :=
⋃
i∈Z φ
iT is a smooth φ-invariant timelike geodesic.
Moreover, d(q, φq) = d(p, φp) for any q ∈ Im(γ).
Proof. For any interior point q ∈ T, p≪ q ≪ φp, thus q ∈ I+(φ, p)∩I−(φ, p). Since
φ is a P -motion, then by inequality (2.1)
d(p, φp) = d(p, q) + d(q, φp) = d(q, φp) + d(φp, φq) ≤ d(q, φq) ≤ d(p, φp).
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This implies
(4.2) d(q, φp) + d(φp, φq) = d(q, φq) = d(p, φp)
and T ′ := T (q, φp) ∪ T (φp, φq) is a maximal timelike geodesic segment. Thus γ is
smooth at φp. By induction, γ is a smooth timelike geodesic and is φ-invariant by
its definition. In general for any q ∈ Im(γ), there exists i ∈ Z such that φiq ∈ T ,
we could replace q by φiq ∈ T and use equality (4.2) to complete the proof. 
Definition 4.4. Let φ be a P -motion on a globally hyperbolic spacetime (M, g).
We call φ an axial motion on (M, g) and γ an axis of φ if γ is a maximal timelike
geodesic and φ maps γ onto itself.
Remark 4.5. If φ is an axial motion on M and γ is an axis of φ, then φγ(t) =
γ(t + a) for some a > 0. For any n ∈ Z and p ∈ Im(γ), φnp ∈ Im(γ) and
d(p, φnp) = nd(p, φp) → ∞ as n → ∞. Hence an axis is a complete timelike line.
We also note that
• if γ is an axis of φ, then γ is also an axis of φl for l ∈ Z+.
• γ constructed in Proposition 4.3 is in general not maximal thus not an axis
of φ.
Notice that for a timelike line γ, I+(γ)∩I−(γ) is an open neighborhood of Im(γ).
Moreover, if γ is an axis of a P -motion φ, then I±(γ) = I±(φ, p) for any p ∈ Im(γ)
and we have
Proposition 4.6. Let φ be an axial motion on a globally hyperbolic spacetime
(M, g). If γ is an axis of φ, then for any l ∈ Z+ and any p ∈ Im(γ),
(4.3) d(p, φlp) = sup
q∈I+(γ)∩I−(γ)
d(q, φlq).
Proof. Assume l = 1, for any p ∈ Im(γ), q ∈ I+(γ) ∩ I−(γ), by the definitions of
I±(γ) and Remark 4.5, there exist two integers m1 < m2 such that q ∈ I
+(φm1p)∩
I−(φm2p). Thus for any i ∈ Z+, φ
iq ∈ I+(φm1+ip) ∩ I−(φm2+ip). By Proposition
2.1,
(4.4) d(φm1p, q) + d(q, φm2p) <∞.
Since φ is a P -motion, for any k ∈ Z+, we have
φm1p ≪ q ≪ φq ≪ · · · ≪ φkq ≪ φm2+kp,
φm1p ≪ φm1+1p≪ · · · ≪ φm2+kp.
Thus the reverse triangle inequality (2.1) implies
(k +m2 −m1)d(p, φp) = d(φ
m1p, φm2+kp)
≥ d(φm1p, q) +
k−1∑
i=0
d(φiq, φi+1q) + d(φkq, φk+m2p)
= kd(q, φq) + d(φm1p, q) + d(q, φm2p).
Dividing both sides by k, we have
(1 +
m2 −m1
k
)d(p, φp) ≥ d(q, φq) +
d(φm1p, q) + d(q, φm2p)
k
.
Letting k →∞, together with inequality (4.4), leads to equation (4.3) when l = 1.
For the general case, the conclusion follows from the fact that γ is also an axis of
φl(l ∈ Z+), see Remark 4.5. 
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Now we restrict ourself to consider globally hyperbolic planes (M, g), that is, M
is homeomorphic to R2, instead of general globally hyperbolic spacetimes. In this
case, contrary to Remark 4.5, we could improve the conclusion of Proposition 4.3
into
Theorem 4.7. Let φ be an orientation preserving P -motion on a globally hyperbolic
plane (M, g) and p a point satisfying equation (4.1), then there exists a unique
maximal timelike geodesic segment T = T (p, φp) from p to φp and γ :=
⋃
i∈Z φ
iT
is a timelike line and hence an axis of φ.
In the proof of Theorem 4.7, we shall use two elementary facts which are effective
when study behaviors of maximal causal geodesics on Lorentzian planes.
Lemma 4.8. [16, Section 4] Let (M, g) be a globally hyperbolic spacetime, then
(1) Morse’s crossing lemma: Two timelike maximal geodesic segments cannot
intersect twice in (M, g), except that the intersections occurred at their end
points.
(2) Curve lengthening lemma: Every timelike maximizer can be parametrized
as a smooth geodesic. Thus, if a timelike curve γ : [a, b]→ (M, g) contains
a corner in its interior, it can not be maximal.
Proof of Theorem 4.7: We begin to prove the uniqueness of T (p, φp) if p satisfies
equation (4.1). Assume this is not the case, there are two distinct maximal timelike
geodesic segments T1, T2 from p to φp. By Morse’s crossing lemma 4.8, T1, T2 have
no common points except p and φp. Denote by η the curve T1 traversed from p
to φp followed by T2 traversed from φp to p, then η is an oriented simple closed
curve. By Proposition 4.3, both T1∪φT1 and T2∪φT2 are smooth timelike geodesic
segments which intersect transversally at φp, this implies that φη is an oriented
curve with the opposite orientation, in contradiction to the fact that φ preserves
orientation (see Figure 1.(A)).
Now to prove γ :=
⋃
i∈Z φ
iT is a timelike line, we only need to show that the arc
Uk :=
⋃k−1
i=0 φ
iT from p to φkp is a maximal timelike geodesic segment for all k ≥ 1.
Obviously, this is true for k = 1. By induction, assume that Uk−1 is maximal. If Uk
is not maximal, then global hyperbolicity implies that there is a maximal timelike
geodesic segment S from p to φkp and
(4.5) d(p, φkp) = Lg(S) > kd(p, φp).
Again by Lemma 4.8, since both Uk−1 and T (φk−1p, φkp) are maximal timelike
geodesic segments, S cannot intersect interior points of Uk−1 or T (φk−1p, φkp).
Moreover, S cannot intersect Uk at φk−1p, because T (p, φk−1p) and T (φk−1p, φkp)
is unique as we have shown. Therefore, S has no intersection points with Uk except
p and φkp.
We note that S has no self-intersection. Otherwise we suppose x ∈ S is such
a point (see Figure 1.(B)), then d(x, x) > 0. On the other hand, (M, g) contains
no smooth closed timelike curves by global hyperbolicity, hence d(x, x) = 0 for all
x ∈M , a contradiction!
Since S has no self-intersection and φ preserves orientation, S and φS intersect
at exactly one point q, thus φq = φS ∩ φ2S, by the assumptions we get that φS
is a maximal timelike segment from φp to φk+1p and d(φp, φkp) = d(p, φk−1p) =
(k − 1)d(p, φp) (see Figure 1.(C)).
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By inequality (4.5) and above discussions, we have
kd(p, φp) < d(p, φkp) = Lg(S) = Lg(φS)
= d(φp, q) + d(q, φq) + d(φq, φk+1p)
= d(φp, q) + d(q, φkp) + d(q, φq)
≤ d(φp, φkp) + d(q, φq)
= (k − 1)d(p, φp) + d(q, φq).
Thus d(p, φp) < d(q, φq), which contradicts the fact that p ≪ q ≪ pk and the
equation (4.1).

Remark 4.9. By Theorem 4.7, on a globally hyperbolic plane, the concepts of ori-
entation preserving P -motion and axial motion coincide.
5. P -motions and class A 2 tori
In this section, we use the results obtained in Sections 2 and 4 to further discuss
P -motions on (R2, g), where (R2, g) is the Abelian cover of a class A 2-torus (T2, g).
Let φ be a P -motion on (R2, g) and γ an axis of φ,
• by Lemma 2.8, γ has an asymptotic direction α ∈ [m−,m+],
• if the asymptotic direction of γ falls in (m−,m+), then by Lemma 2.10, for
any p ∈ Im(γ), I±(φ, p) = I±(γ) = R2.
Thus we obtain an immediate corollary of Proposition 4.6:
Lemma 5.1. Let (R2, g) be the Abelian cover of a class A Lorentzian 2-torus.
If φ is a P -motion on (R2, g) and γ is an axis of φ with asymptotic direction
α ∈ (m−,m+), then for any l ∈ Z+ and any p ∈ Im(γ),
d(p, φlp) = sup
q∈R2
d(q, φlq).
Lemma 5.2. Let (R2, g) be the Abelian cover of a class A 2-torus and γ : [0,+∞)→
R
2 a subray of a timelike line with an asymptotic direction in (m−,m+). Then for
any p≪ q lying on Im(γ),
d(p, q) = d(K∞(p, γ),K∞(q, γ)).
Proof. By the assumptions and Lemma 2.10, I−(γ) = R2 and bγ is finite every-
where. By (3) of Proposition 2.4, for any x ∈ K∞(p, γ) and y ∈ K∞(q, γ),
• if y ∈ J+(x), then d(p, q) = bγ(q)− bγ(p) = bγ(y)− bγ(x) ≥ d(x, y),
• if y /∈ J+(x), then d(x, y) = 0, d(p, q) ≥ d(x, y) obviously holds.
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The lemma follows directly from equation (2.2). 
Lemma 5.3. If f is a foot of p on a set S in a globally hyperbolic spacetime and q
is a point satisfying p≪ q ≪ f and d(p, f) = d(p, q) + d(q, f), then f is the unique
foot of q on S.
Proof. By the assumptions, for any point x ∈ S,
• if x /∈ J+(q), then d(q, x) = 0 < d(q, f),
• if x ∈ J+(q), then d(q, x) ≤ d(p, x)− d(p, q) ≤ d(p, f)− d(p, q) = d(q, f).
Thus f is a foot of q and d(q, x) = d(q, f) > 0 for some x ∈ S only if d(p, x) =
d(p, q) + d(q, x). By global hyperbolicity and p ≪ q ≪ f , let T (p, q) and T (q, x)
be two timelike maximal geodesic segments connecting p, q and q, x respectively.
If x 6= f , then T (p, q) ∪ T (q, x) has a corner at q, by Lemma 4.8 so that can not
be maximal, d(p, x) > d(p, q) + d(q, x) = d(p, f). This is a contradiction since
d(p, f) = d(p, S), hence f is unique. 
Definition 5.4. Two timelike lines γ and ζ in a globally hyperbolic spacetime are
parallel if each future (resp. past) directed subray of γ is a co-ray to a future (resp.
past) directed subray of ζ and vice versa.
For the definition of co-ray, we refer the readers to [12] and [1].
In the following, we shall prove that two axes of an axial P -motion are parallel
under certain conditions.
Proposition 5.5. Let (R2, g) be the Abelian cover of a class A 2-torus and γ an
axis of a P -motion φ with asymptotic direction α ∈ (m−,m+). If ζ is also an axis
of φ, then ζ parallels to γ, hence has the same asymptotic direction α.
Proof. We shall only consider future directed curves, the proof for past directed
curves is completely similar. Let S be a future directed subray of γ, for any q ∈
Im(ζ) and k ∈ Z, we have
K∞(φ
kq, S) = K∞(φ
kq, φkS) = φkK∞(q, S).
By the assumptions, K∞(q, S) intersects γ at a point p, then
φkp ∈ φkK∞(q, S) = K∞(φ
kq, S).
So φkp is the intersection point of K∞(φ
kq, S) and S. From Lemmas 5.1 and 5.2,
d(φ−1p, φkp) = sup
y∈R2
d(y, φk+1y)
= d(φ−1q, φkq)
≤ d(φ−1q,K∞(φ
kq, S))
≤ d(φ−1p, φkp).
Thus, φkq is a foot of φ−1q on K∞(φ
kq, S). Together with Lemma 5.3, we know
that φkq is the only foot of q on K∞(φ
kq, S). This implies that the co-ray from q
to γ is the future directed subray of ζ emanating from q. Therefore, we conclude
that γ and ζ are parallel and have the same asymptotic direction, otherwise they
would intersect by Lemma 2.10. 
Corollary 5.6. Let (R2, g) be the Abelian cover of a class A 2-torus and φ an
orientation preserving P -motion on (R2, g). If γ is an axis of φk(k > 1, k ∈ Z+)
with asymptotic direction in (m−,m+), then γ is also an axis of φ.
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Proof. Suppose that γ was not an axis of φ, then γ1 := φγ 6= γ and
φkγ1 = φ
kφγ = φφkγ = φγ = γ1.
So γ1 is an axis of φ
k and by Proposition 5.5, γ1 is parallel to γ. Let Q be the half
plane bounded by γ and containing γ1. Since φ preserves the orientation, φQ is
the half plane bounded by γ1 and not containing γ. By repeating this argument,
we conclude that φkQ(k > 1) is a half plane bounded by φkγ and not containing
γ, φγ, φ2γ, ..., φk−1γ, which contradicts the fact that φkγ = γ. 
We call Γ = {ψt}t∈R a one-parameter group of P -motions generated by ψ if each
of ψt(t > 0) and ψ
−1
t = ψ−t(t < 0) is a P -motion and ψ0 = id, ψ1 = ψ, ψt+s =
ψt ◦ ψs for all t, s ∈ R. Then from the above properties, we obtain the following
byproduct.
Proposition 5.7. Let (R2, g) be the Abelian cover of a class A 2-torus and ψ
an orientation preserving P -motion on (R2, g) with an axis γ whose asymptotic
direction α ∈ (m−,m+). If there exists a one-parameter group Γ = {ψt}t∈R of
P -motions generated by ψ, a positive number t0 and a point p such that
d(p, ψt0(p)) = sup
q∈R2
d(q, ψt0(q)) > 0
then the orbit {ψt(p) : t ∈ R} is a timelike line.
Proof. First of all, since ψ0 = id and ψt preserves orientation for t small, then all
ψt preserve orientation for t ∈ R. Since γ is an axis of ψ with asymptotic direction
α ∈ (m−,m+) and also an axis of ψk for k ∈ Z+, from Corallory 5.6 we know that
γ is an axis of ψ
k
l for l ∈ Z+. Hence, all ψt(t > 0) has an axis with asymptotic
direction α ∈ (m−,m+).
On the other hand, from Theorem 4.7, there exists an axis ζ of ψt0 , which means
that all the points ψkt0(p) = ψ
k
t0
(p), k ∈ Z, lie on the timelike line ζ. Then ζ
has asymptotic direction α ∈ (m−,m+) from Proposition 5.5. Again by Corallory
5.6, ζ is also an axis of ψ t0
l
for any positive number l ∈ Z. Thus all the points
ψ kt0
l
(p) = ψkt0
l
(p) lie on ζ for all k ∈ Z. Hence ψt(p) lies on ζ for any t ∈ R. 
6. Proof of the Main Results
In this section, we shall prove Theorem 1.5 by studying the exponential maps
locating at timelike poles.
Recall that, similar to Riemannian manifolds, the exponential map expp : TpM →
M for a Lorentzian manifold (M, g) is defined as: for v ∈ TpM , let γv(t) be
the unique geodesic in M with γv(0) = p and γ˙v(0) = v, then the exponential
expp(v) := γv(1) if γv(1) is defined. The notion of cut point will be useful to us in
the following, see also [4, Section 9.1]:
Definition 6.1. Define the function s : T−1M → R ∪ {∞} by
s(v) = sup{t ≥ 0 : d(γv(0), γv(t)) = t},
where T−1M := {v ∈ TM : v is future directed and g(v, v) = −1} is the unit future
observer bundle and γv(t) := expp(tv). If 0 < s(v) < ∞ and γv(s(v)) exists, then
the point γv(s(v)) is called the future cut point of p = γv(0) along γv. The past
cut points may be defined similarly.
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Remark 6.2. By [4, Proposition 9.7], the function s : T−1M → R ∪ {∞} is
• positive, i.e., s(v) > 0 for all v ∈ T−1M , if (M, g) is strongly causal,
• lower semicontinuous if (M, g) is globally hyperbolic.
Proposition 6.3. Let (M, g) be a globally hyperbolic plane (i.e., M is homeomor-
phic to R2) and p ∈ M a timelike pole, then p has no future (resp. past) causal
conjugate or cut points.
Proof. First we note that any two dimensional Lorentzian manifold has no null
conjugate points by [4, Lemma 10.45]. Moreover, (M, g) has no null cut points:
otherwise from [4, Theorem 9.15], there would exist two null geodesic segments on
M intersecting only at p and a cut point of p, contradiction!
By time duality, we shall only show that p has no future timelike cut points.
Assume that q is a future timelike cut point of p, then using [4, Theorem 9.12],
there exist two distinct maximal timelike geodesic segments γvi : [0, s(vi)] → M
connecting p with q such that γvi(0) = p, γvi(s(vi)) = q, vi ∈ T−1M |p, i = 1, 2 and
s(v1) = s(v2) = d(p, q).
Since p is a timelike pole, i.e., q is not conjugate to p along any timelike geodesic,
then by [4, Corollary 10.44] there are only finitely many timelike geodesics from p
to q. Hence we may suppose that γv1 , γv2 are neighboring and denote by D(γv1 , γv2)
the compact (topological) disk bounded by them, then D(γv1 , γv2)\{p, q} ⊆ I
+(p)∩
I−(q). Thus, for any x ∈ D(γv1 , γv2)\{p, q}, we have 0 < d(p, x) < d(p, q).
On the other hand, we denote by v̂1v2 the compact set in T−1M |p bounded by
v1 and v2, so 0 < s(v) ≤ s(v1) = s(v2) = d(p, q) for all v ∈ v̂1v2. By Remark 6.2,
s(v) is lower semicontinuous hence attains its minimum at v′1 ∈ v̂1v2, i.e., s(v
′
1) =
min
v∈v̂1v2
s(v). If t < s(v′1), then by the above construction, γv′1(t) ∈ D(γv1 , γv2), thus
q′ = lim
t→s(v′
1
)−
γv′
1
(t) exists and by Definition 6.1, it is a future cut point of p.
If s(v′1) = s(v1), then s(v) = s(v1) for all v ∈ v̂1v2, this contradicts the fact
that γv1 , γv2 are neighboring. Therefore we conclude that s(v
′
1) < s(v1). This
implies that q′ lies in D(γv1 , γv2)\{p, q}, thus there exists v
′
2 6= v
′
1 on v̂1v2 such that
s(v′1) = s(v
′
2) and q
′ = γv′
2
(s(v′2)). Repeating the above argument with q, v1, v2
replaced by q′, v′1, v
′
2, we get some v0 ∈ v̂1v2 such that s(v0) < s(v
′
1) = min
v∈v̂1v2
s(v).
This contradiction completes the proof. 
An immediate corollary of Proposition 6.3 is the following
Proposition 6.4. Let p be a timelike pole on a globally hyperbolic plane (M, g)
and
F+(p) = {tv|v ∈ T−1M |p, 0 < t < s(v)} ⊆ TpM,
then the exponential map expp is a diffeomorphism from F
+(p) onto I+(p).
Proof. Since p is a timelike pole, i.e., p has no conjugate points along any timelike
geodesic passing through p, the exponential map expp is a local diffeomorphism.
Proposition 6.3 actually shows that for any v ∈ T−1M |p, either s(v) = ∞ or the
maximal timelike geodesic γv(t), t ∈ [0, s(v)), by strongly causal property, escapes
from any compact subset of the plane. This implies that expp : F
+(p) → I+(p)
is injective. expp : F
+(p)→ I+(p) is surjective hence bijective since for any point
q ∈ I+(p), there exists, by the global hyperbolicity of (M, g), a maximal timelike
geodesic γv from p to q and d(p, q) < s(v). 
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Remark 6.5. The above corollary also has an obvious dual version for I−(p). From
the proof, every future (resp. past) inextendible timelike geodesic emanating from
a timelike pole on a globally hyperbolic plane (M, g) is maximal and not future
(resp. past) imprisoned in any compact set, see also [4, p.64].
Note that (R2, g) denotes the Abelian cover of a class A 2-torus, we have the
following definition.
Definition 6.6. Let φ be an orientation preserving P -motion on (R2, g), we call φ
a P -translation if the displacement function of φ, dφ(p) := d(p, φp), p ∈ R
2 attains
its maximum on R2.
From Theorem 4.7, there is an axis (i.e., a timelike line) γ of φ such that φγ(t) =
γ(t+ a), for t ∈ R, where a = sup
p∈I+(γ)∩I−(γ)
d(p, φp). If there are two distinct axes
γ1, γ2 of φ on R
2, then γ1, γ2 have the same asymptotic direction α ∈ [m
−,m+].
Otherwise γ1 and γ2 must have an intersection point p by Lemma 2.10. Since
both γ1 and γ2 are φ-invariant, then all φ
np, n ∈ Z are intersection points, which
contradicts Lemma 4.8. Hence we say a P -translation φ has asymptotic direction α
if one of its axes has asymptotic direction α. Recall from Section 1 that Γ denotes
the group of deck transformations associated to pi : (R2, g)→ (T2, g). Now we set
D+ = {φ : φ ∈ Γ is a P -translation with asymptotic direction in (m−,m+)},
and D− = {φ : φ−1 ∈ D+}, then our main result Theorem 1.5 is a direct conse-
quence of this last
Theorem 6.7. Let (R2, g) be the Abelian cover of a class A 2-torus and p a timelike
pole on it. Then for every φ ∈ D+ ∪ D−, there is an axis of φ passing through p.
Moreover, all displacement functions dφ(q) for φ ∈ D
+ (resp. dφ(q) := d(φq, q) for
φ ∈ D−) attain their maximums at p.
Proof. The proof is an adaption of Busemann [7, p.212], see also [14, Proposition
4.1]. We shall only consider the case φ ∈ D+ since the other case is proved by
reversing the time orientation.
Let γ be an axis of φ, then γ is a complete timelike line whose asymptotic
direction in (m−,m+). There is nothing to prove if γ passes through p. Recall the
definitions of p < γ and p > γ from Definition 2.9. Without loss of generality, we
may assume that p > γ. Since (R2, g) is the Abelian cover of a class A 2-torus
(T2, g), there exists a ψ ∈ D+ such that p < ψγ. So p is contained in the strip
bounded by γ and ψγ. Note that ψγ is also an axis of φ since
φ(ψγ)(t) = ψ(φγ)(t) = ψγ(t+ a).
Thus, all φnp, n ∈ Z are contained in this strip since φ preserves the orientation of
R
2.
For n ∈ N(n ≥ 2) and each k = 0, 1, ..., n − 1, since φkp(φ0 := id) are time-
like poles, we denote by T (φkp, φk+1p) the unique maximal timelike geodesic seg-
ment from φkp to φk+1p and construct the piecewise smooth timelike curve An =
n−1⋃
k=0
φkT (p, φp); denote by Rk := R(φ
kp, φk+1p) the unique timelike ray starting
from φkp and passing through φk+1p, the existence of Rk is guaranteed by Propo-
sition 6.4.
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Since φ preserves orientation, φnp stays in the same side of R(φn−2p, φn−1p) as
that of R(p, φp) in which φ2p stays, for all n ≥ 2. Hence by the argument used in
the last part of the proof of Theorem 4.7, Rk, k = 0, ..., n− 1 can not intersect An
transversally. Also, we can choose one of γ and ψγ, denoted by ζ, such that ζ and
Rk lie in the same side of An for k = 0, 1, ..., n− 1 and n ≥ 2.
Since γ and ψγ have the same timelike asymptotic direction α, by Lemma 2.10,
there exists n0 ∈ Z+ such that I
+(p) ∩ I−(φn0p) intersects both sets Im(γ) and
Im(ψγ). Fixing this n0, for any z ∈ I
+(p) ∩ I−(φn0p) ∩ ζ, we have
(6.1) d(p, z) + d(z, φn0p) <∞.
In the following, let n > n0 and Dn be the compact region bounded by An and
Bn := T (p, z)∪T (z, φ
n−n0z)∪T (φn−n0z, φnp). From Remark 6.5 we know that Rk
must intersect Bn exactly once for k = 0, 1, . . . , n−1. Denote by ek the intersection
point of Rk−1 and Bn for k = 1, ..., n− 1 and e0 := p, en := φ
np (see Figure 2).
Since the chronological relation≪ is transitive and φ is a P -translation, we have
the following chronological relations:
p≪ φp≪ · · · ≪ φn−1p≪ φnp,
p≪ z ≪ φz ≪ · · · ≪ φn−n0z ≪ φnp.
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Let δk be the g-arc length of the subcurve of Bn joining ek and ek+1 for each
k = 0, 1, 2, . . . , n− 1. Then we have
d(p, φp) + d(φp, e1) > δ0,
d(φp, φ2p) + d(φ2p, e2) > d(φp, e1) + δ1,
d(φ2p, φ3p) + d(φ3p, e3) > d(φ
2p, e2) + δ2,
...
d(φn−1p, φnp) > d(φn−1p, en−1) + δn−1.
Thus, d(p, φp)+ d(φp, φ2p)+ · · ·+ d(φn−1p, φnp) > δ0+ δ1+ · · ·+ δn−1. So we have
L(An) = nd(p, φp) > L(Bn) =
n−1∑
i=0
δi
= d(p, z) +
n−n0−1∑
i=0
d(φiz, φi+1z) + d(φn−n0z, φnp).
Dividing both sides by n,
d(p, φp) > (1−
n0
n
)d(z, φz) +
d(p, z) + d(φn−n0z, φnp)
n
.
Letting n→∞, together with inequality (6.1), we get
d(p, φp) ≥ d(z, φz) = sup
y∈I+(φ,p)∩I−(φ,p)
d(y, φy)
since z ∈ γ. Thus, by Proposition 4.6 and Theorem 4.7, d(p, φp) = d(z, φz) and
there exists an axis of φ that passes through p. 
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